PACS 03.65.Xp -Tunneling, traversal time, quantum Zeno dynamics PACS 23.50.+z -Decay by proton emission PACS 27.70.+q -Properties of specific nuclei in mass range 150 < A < 189
Introduction . -An approach for description of onedimensional motion of a non-relativistic particle above a barrier on the basis of multiple internal reflections of stationary waves relatively boundaries has been studied in number of papers and is known (see [1] [2] [3] and references therein). Tunneling of the particle under the barrier was described successfully on the basis of multiple internal reflections of the wave packets (WPs) relatively boundaries (this approach was called as method of multiple internal reflections or method MIR, see Refs. [4, 5] , part 1 of Ref. [6] ). In such approach it succeeded in connecting: 1) continuous transition of solutions for WPs after each reflection (i. e. in each step, according to formalism of method MIR), total WPs between the above-barrier motion and the under-barrier tunneling; 2) coincidence of transmitted and reflected amplitudes of stationary wave function (WF) in each spatial region obtained by approach MIR with the corresponding amplitudes obtained by standard method of quantum mechanics; 3) all non-stationary fluxes in each step, are non-zero that confirms propagation of packets (a) E-mail: maidan@kinr.kiev.ua (b) E-mail: sbelchik@kinr.kiev.ua under the barrier (i. e. their "tunneling"). In frameworks of such a method, non-stationary tunneling has own interpretation, allowing to study this process at interesting time moment or space point. In calculation of phase times this method turns out to be enough simple and convenient [7] . It has been adapted for scattering of the particle on nucleus and α-decay in the spherically symmetric approximation with the simplest radial barriers [4, 5] (see also Refs. [6] , part 2), and for tunneling of photons [5, 7] . However, further realization of the MIR approach meets with three questions. 1) Question on effectiveness. The multiple reflections have been proved for the motion above one rectangular barrier and for tunneling under it [3, 5, 7] . However, after addition of the second step it becomes unclear how to separate the needed reflected waves from all their variety in calculation of all needed amplitudes. After obtaining exact solutions of the stationary amplitudes for two arbitrary rectangular barriers [6] (see also Ref. [4] ), it becomes unclear how to generalize such approach for barriers with arbitrary complicate shape. In Ref. [8] multiple internal reflections of the waves were studied for tunneling through a number of equal rectangular steps separated on equal distances. However, the amplitudes were presented for two such steps only, in approximation when they were separated on enough large distance, and these solutions in approach of multiple internal reflections were based of the amplitudes of total wave function obtained before by standard method (see Appendix A, eqs. (7), (18), (19) in this paper). So, we come to a serious unresolved problem of realization of the approach of multiple reflections in real quantum systems with complicated barriers, and clear algorithms of calculation of amplitudes should be constructed.
2) Question on correctness. Whether is interference between packets formed relatively different boundaries appeared? Whether does this come to principally different results of the approach of multiple internal reflections and direct methods of quantum mechanics? Note that such interference cannot be appeared in tunneling through one rectangular barrier and, therefore, it could not visible in the previous papers.
3) Question on uncertainty in radial problem. Today, the most powerful calculations of half-lives of different types of nuclear decays in the modest models are realized in the semiclassical approach. For example, in Ref. [10] agreement between experimental data of α-decay halflives and ones calculated by theory is demonstrated in a wide region of nuclei from 106 Te up to nucleus with A d = 266 and Z d = 109. In review [11] methodology of calculation of half-lives for spontaneous-fission and results are presented (see Eqs. (21)-(24) in p. 321). So, all such calculations of half-lives are based on the semiclassical approach which is strongly prevailing today. Let us consider proton-decay of nucleus where proton propagates from the internal region outside with its tunneling through the barrier. Reflected and incident waves turn out to be defined with uncertainty at the same boundary condition imposed on wave function. How to determine them? The semiclassical approach gives such answer: according to theory, we neglect by reflection completely. Equality T 2 + R 2 = 1 is nonsensical (where T and R are coefficients of penetrability and reflection) and up to the second correction the penetrability is determined by the form of potential inside tunneling region completely, while internal and external parts do not take influence on it at all ! But, whether is this restriction really accurate? Such semiclassical estimation of the barrier penetrability is based essentially on assumption about enough accurate approximation of the waves in the internal region. How much is this approximation accurate? It turns out that if in fully quantum approach to determine the penetrability through the barrier (constructed on the basis of realistic potential of interaction between proton and daughter nucleus) then one can obtain answer "no" and the penetrability can achieve huge difference from semiclassical one (at the same boundary condition imposed on WF)! So, idea of the most reliable, physically motivated separation of the WF in the internal region into the incident and reflected waves should be found.
This paper gives answer on such questions. At first, the formalism of the method MIR in description of tunneling of proton through the barrier in proton decay is presented. Here, we put proof of the method, analyze its peculiarities, write solutions for amplitudes. Then, we analyze whether the approach MIR is able to describe experimental halflives better then the semiclassical approach gives this. We clarify and demonstrate how much the semiclassical approach is accurate in determination of penetrability. At finishing, we summarize results.
Proton-decay, tunneling and multiple internal reflections . -Proton-decay with the radial proton-nucleus potential composed of arbitrary number of rectangular steps . We shall consider the spherically symmetric proton-decay with realistic proton-nucleus radial barrier and approximate this barrier by enough large number of rectangular potential steps:
where
We shall analyze the motion of proton from the first region R min < r ≤ r 1 outside on the basis of multiple internal reflections of packets successively by steps of its propagation relatively all boundaries between steps (for details, see [4] [5] [6] [7] 9] ) and we approximate radial barrier with internal hole and external Coulomb region by multi-step potential. We write total wave function (at l = 0):
where α j and β j are unknown amplitudes, A T and A R are unknown amplitudes of transmission and reflection,
We define coefficients T
Using recurrent relations:
(5) and selecting as starting the following values:
we calculate successively coefficientsR
At finishing, we determine the amplitudes of transmission and reflection:
and coefficients of penetrability T and reflection R:
As test of the found solutions, we use the property:
Width Γ and half-live . We define width Γ of the proton-decay, in semiclassical approximation, by following the procedure of Gurvitz and Kälbermann [12] :
where P p is the preformation probability and F is the normalization factor. T is the penetrability coefficient in propagation of the particle from the internal region outside with its tunneling through the barrier, which we shall calculate by approach MIR or by approach WKB. In approach WKB we define it so:
where R 2 and R 3 are the second and third turning points. According to [10] , the normalization factor F is given by simplified way so: (12) or by improved way so:
The half-live τ of the proton-decay is related to the width Γ by well known expression:
Proton-nucleus potential . For description of interaction between proton and the daughter nucleus we shall use the spherical symmetric proton-nucleus potential (at case l = 0) in Ref. [13] having the following form: 
Here, A and Z are the nucleon and proton numbers of the daughter nucleus, Q is the Q-value for the proton-decay, V R is the strength of the nuclear component, R is radius of the daughter nucleus, r m is the effective radius of the nuclear component, d is diffuseness. All parameters are defined in Ref. [13] .
Results . Bi. Such a choice we explain by that they have small coefficient of quadruple deformation β 2 and in enough good approximation can be considered as spherical. We have l = 0 for them. We shall be interesting in whether the method MIR could calculate half-live in better agreement with experimental one then the semiclassical approach gives it. We study protondecay on the basis of leaving of the particle with reduced mass from the internal region outside with its tunneling 7.7828 7.7687 0.0041 through the barrier. This particle is supposed to start from R min ≤ r ≤ R 1 and move outside. Using technique of the T ± j and R ± j coefficients in eqs. (4)- (6), we calculate total amplitudes of transmission A T and reflection A R by eqs. (7), the penetrability coefficient T MIR by eqs. (8) . We restrict ourselves by eq. (12) for F 1 and find width Γ by eq. (10) and half-live τ MIR by eq. (14). We define the penetrability T W KB by eq. (11), calculate Γ-width and half-live τ W KB by eqs. (10) and (14) . Results are presented in Tabl. 1: one can see that agreement between theory and experiment could be achieved in any desirable accuracy (in contrast to any semiclassical approach). The better value of R form is located at small distance ∆ R near the second turning point R 2 . At such a choice the calculated half-lives τ MIR for all nuclei are essentially closer to the experimental τ exp in comparison with half-lives τ W KB (see upper panel in Fig. 2 where the total dependence of half-live on the starting point R form is presented).
How is the semiclassical approach accurate in estimation of the penetrability? . Let us analyze how accurate results the semiclassical approach gives in estimation of the barrier penetrability. The simplest way to clarify this is to estimate a role of the external part of the barrier. We fix the starting point at its value R form = 7.2035 fm (result from Tabl. 1) and calculate the penetrability for different barriers for 157 Ta. We define the first barrier by eqs. (15)-(17) (see upper panel in Fig.1 ) and calculate the penetrability at R max = 250 fm. Then we remove the external part of the barrier, displacing R max to the external turning point R 3 = 110 fm, and calculate the penetrability again. Results are presented in lines 1 and 2 in Tabl. 2: one can see that the difference between two penetrabilities is not large. Now let's consider some variations of the internal hole and their influence on such calculations. At first, we remove internal region up to minimum of the hole, changing this part into constant value V 0 (we use: V 0 = −48.27 MeV, r (V 0 ) = 3.079 fm; see middle panel in Fig. 1 and result in line 3 in Tabl. 2). Then, we remove the internal hole up to R form , changing this part into constant V 0 (see bottom panel in Fig. 1 and result in line 4 in Tabl. 2). We see that penetrability has been changed, but not strongly again. On such results one could come to conclusion that all variations of the penetrability and halflive are not so strong in framework of the MIR-approach. However, according to the semiclassical theory, penetrability is formed exclusively by shape of the barrier between two turning points. In order to be closer to Ta) gives not such stable results for penetrabilities obtained on different regions of original proton-nucleus potential. One can see that difference between probabilities for such two barriers achieves 7 times (T 1 = 1.3789 · 10 −24 , T 2 = 2.2829 · 10 −25 )! This is real influence of the external region of the barrier, which the semiclassical approach neglects! We stress that any modest semiclassical approach (up to the semiclassical correction of the second order) is not sensitive to all such calculations of the penetrability and half-live! At finishing, we remove internal region of the previous potential, changing this part into constant V 0 equal to minimum of the potential in the internal region. We see that penetrability has been changed essentially again (the line 7 in Tabl. 2). Such change of the penetrability is explained by different values of the wave vector k for the incident wave in the first step. In the bottom panel in Fig. 2 one can see how the half-live is changed at increasing of the external boundary R max , starting from the external turning point. Here, a convergence of result with increasing R max to limit value has been shown that confines stability of the method MIR in calculation of the penetrability. The semiclassical approach seems to be absolutely unsensitive to such huge difference in estimations of penetrability in dependence on the external boundary of the potential.
Conclusions . -The method of multiple internal reflections (MIR) in description of the decay of the nucleus by proton emission in the spherically symmetric approximation is presented. In the MIR approach the amplitudes of wave function described motion of the proton from the internal region outside with its tunneling through the re- alistic radial barrier of arbitrary shape, have been found at the first time. Note the following:
• Solutions for amplitudes of wave function, penetrability T and reflection R by the method MIR for n-step barrier of arbitrary shape are exactly solvable at any n obtained in the fully quantum approach.
• When the arbitrary realistic proton-nucleus potential with barrier and internal hole is approximated by nstep potential, these solutions could be considered as exact concerning such realistic potential at n → ∞.
Error of presented results is |T + R − 1| < 1.5 · 10 −15 .
• Penetrability of the barrier (and half-live of decay) calculated by MIR approach for to 200 times in dependence on the starting point R form located inside the internal hole. This dependence is missed in any semiclassical approach for calculation of half-live, so it characterizes a region of errors of the modest semiclassical models of decay. This influence of the starting point on the penetrability should be taken into account in more accurate estimations of half-lives, which the semiclassical models cannot give in principle.
• Such starting point, at which the half-live in MIR approach coincides with its experimental value, could be considered as the most probable radial coordinate of start of proton outside. Such point exists for any studied nucleus and it is located very close to the internal turning point R 2 . This result is stable for all studied nuclei.
• Taking the external part of the barrier into account, half-live of proton-decay (obtained before by the semiclassical models) is changed up to 7 times.
• The first indication how to find the most probable value of R form theoretically, could be found in the best stability in calculations of penetrability at variations of the studied region of the barrier (the simples variant is to use parameters R min and R max for such analysis).
